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Abstract

Modulation spaces were for the first time defined and studied by H. Feichtinger in 1983. Usually the
weights used for the definition of modulation spaces have a polynomial growth. But weights with
exponential growth can also be used. Such spaces are useful in the study of pseudodifferential operators
of infinite order. We shall introduce here a new class of modulation spaces with weights having
exponential growth.
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Introduction

The modulation spaces were introduced by H. G. Feichtinger in [1]. Much later they were
recognized as the right spaces for the time-frequency analysis. They are also useful in the theory
of pseudodifferential operators: one can use them to give simple proofs of classical theorems on
pseudodifferential operators, such as continuity theorems of Calderon — Vaillancourt type or
theorems of composition of pseudodifferential operators.

A comprehensive introduction in the theory of modulation spaces with weights with polynomial
growth can be found in [3]. Modulation spaces with submultiplicative weights with exponential
growth were studied in [4] and [7]. In [7] the modulation spaces were used to study some
classes of infinite order pseudodifferential operators.

In our paper we give a coherent definition of modulation spaces for some classes of weights
which are not submultiplicative. These spaces can be used to enlarge the class of infinite order
pseudodifferential operators who can be studied using modulation spaces techniques. We shall
compare at the end of the next section our classes of modulation spaces with those previously
studied.

A Class of Modulation Spaces

As in [5], we shall consider sequences of positive real numbers (M,), who satisfy the following
assumptions:

(Al M, =1, M, >1;
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2
A))M, <M, M
(A3) there exists a constant /7, =1 such that
M, , <H"M,M,(V)p,q=0;
(A4) there exists a constant /7, >1 such that
JpM, <H,M,, (V)p=1.

It is convenient for our purposes to work with the functions associated to these sequences,
M :(0,00) — [1,0),

(Y)p =1 (logarithmic convexity);

p+lo

M(r)=sup(plnr—InM ), (V)r>0.

=0

For a, b > 0, (N,), a sequence having the same properties as (M), and N its associated function,
we put

N(b|x|) M (a|&))

. =loe""] +Jfe

0

and

Sa,b(MaN):{¢€S;

(/’a,b<°°}'

As usual, ¢ denotes the Fourier transform of the function ¢ and, as in [5], for simplicity, ¢

depends on a single variable. Also, since the sequences (M,), and (N,), are fixed and,
consequently, their associated function are, we shall ommit them frequently from the notations.

The spaces S, (M,N) are Banach spaces.Their intersection is a Fréchet space if endowed

with the projective limit topology and will be denoted with S(M, N) . The dual of S(M,N),
S'(M,N),is a space of ultradistributions

In order to introduce our modulation spaces, we have to define first some classes of weighted L7
spaces. We put

m,,:R* =R, m,,(x,&) =" D" (¥)(x,&) e R, (V)a,b>0,

L, (=L, (R =L ., (R ={F : R* > C; [[|F(x,&)m,, (x,&)" d&dx < oo}
and

p — P
LM,N - a%i()La"h :
The spaces L, ,, 1 < p <0, is a Banach space with the norm

1F1...., = ( [[FGom, , (x.&)" dfdx)/p, (VFel”,.

a,b;p

We shall need some simple properties of the space L), .
Lemma 1. The space L, , is invariant under translations.

Proof. If F € L, and (y,n) € R?, then
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[[[FGe=y.&=mym, 100 (x,6)|" dédx = [[|F (x, Eym, 10 (x+ y,E+ 1) dédx <
<[m,, (. [[|F(x.&)m,, (x,&)" dédx.

11
Lemma 2 (Holder inequality). If '€ L?, and H € L? R 1, then FH € L' and
’ tabl o po g

| [[F(x, §)H(x,§)dxd§| <|A| . |H]|

ab;p (map) i

This lemma is a direct consequence of the classical Holder inequality.

Lemma3.If FelL, ,and GeL, , then FxGelL .

Proof. Let us assume that F' € L5, ,,, G € L, ,, . Then
» 1/p
ITF G- v =mGOm ] m,, (x,)” v | <

< [”(.[_HF(X - ¢ _77)|m2a,2b (x=y,¢ _77)|G(ya77)|m2a,2b (y,ﬁ)dydﬂ)p dXdégT/p <

< |||F|ma’b ) |||G|ma,b

=IF

a,b:p || ab:p’

Definition 1. The modulation space M, ,  is the space of all the ultradistributions

f €8 (M,N) such that V, f e L}, , for some g e S(M,N). Here V, f denotes the short

time Fourier transform with window g of £,

V. f(x,&) =[fgt—Ee " dr, (V)(x,6) e R,
where the integral converges in the weak sense.

Our definition extends the definitions given in [3], [4] and [7]. In [3] were defined modulation
spaces with polynomially increasing weights. In [4] and [7] exponentially increasing weights of

the form m:R*> = R, m(x,&) = elél” gthl” , (V)(x,&) e R?, with 7 <1, were considered.
This restriction was imposed in order to ensure the submultiplicativity of the weight. Our
definition allows to treat also the case when y < 2 (if y > 2 the spaces S(M,N) are trivial).

The Correctness of the Definition of Modulation Spaces

Lemma 4. If the sequence (M,), satisfies (A1) — (A3) and M is its associated function, then

0

e dr < oo, (V)& >0, (V)p=1.

0

This lemma follows from lemma 3, section 1, chapter 2 from [8§].

Lemma 5. For every a,,b,a,,b, >0 there exist some constants a,b>0 and
C=C(a,,b,a,,b,;a,b) >0 such that

[v.o

<Cle

ab,p ayby ”(/) ay by’ (Vg € Sal,bl (M, N), (V)¢ e Saz,bz (M,N).
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Proof. If £ < min(a,b), then
M(ar)+ M (er)<M(H,ar), N(ar)+ N(er) < N(H,ar), (V)r 20.

Therefore, for ge §, , (M,N),pe S, , (M,N) we have that

ay b

V.o

ap by

b ng(D(x, §)|pePM<a\§\>epN(b\x\) dédy <

P
a,b;
4 _ _
< sup ﬂngy(x,§)|eM(H1"‘§‘)eN(H1”‘x‘) ] ”e PGNPV g sy
(r.&)eR?

But, accordingly to [6], if

2

1 . 1 .
a= 1 min(a,,a,), bzﬁmm(blabz)’

then there exists some positive constant C such that

M (Hya|&|) _ N(Hb|x])
sup |Vg(p(x,.§)|e el g M) Cllg
(x.)eR?

o

ap,by W lag by

Since from Lemma 4 it follows that
J.J.e*PM(E‘f‘)e*PN(S‘x‘) dgdx <o,

we can take

1. |
a=——min(a,,a,), b= len(bl,bz).

1 1

The proof is complete.

For FeL; v, p>1,and g € S(M,N) we define VF by the formula
<V F,p>=<F.V,p> (V)peS(M,N).
Then Vg* : Ly, v —> S'"(M,N) is a continuous linear operator.
Proposition 1. If F e L}, and g € S(M,N) then V,F e M}, ,.
Proof. Let g, € S(M,N) be a fixed window. Then, as in [3], we can see that
Vi Vo F (5, 6)| < C(F|* |V, 2. £), (V)(x,€) € R?.

Since Vg0 ge Lz,b also, we obtain, as in the proof of Lemma 3, that there exists a positive

constant C such that

||V V'F

80 &

<C|F

a,b;p ||Vg0 g a,b;l

al2,b/2;p

Proposition 2. The definition of the modulation space M
geS(M,N).

un.p 18 independent of the window
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Proof. Let g,,g € S(M,N), |g||2 =1, and let feM, .., be such that V f e L!, for

some positive constants a and b. From the inversion formula ([6]) we have that
f=V V. f.
Therefore there exists a positive constant C, which does not depend on £, such that

Veo! Veoe

= ||V V'V f

g0 & &

< C”Vg f

al2,b/2;p al2b/2;p a.b;p abil

Hence V, f €L .

Interchanging the roles of g and gy we see that if V, f € Li, . then V, f* belongs also to
LP
M,N *

The proof is complete.
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Spatii de modulatie cu ponderi cu crestere exponentiala

Rezumat

Spatiile de modulatie au fost definite si studiate pentru prima datd de H.Feichtinger in 1983. De reguld,
ponderile folosite pentru definirea spatiilor de modulatie au o crestere polinomiala. Dar pot fi folosite si
ponderi cu crestere exponentiald. Astfel de spatii sunt utile in studierea operatorilor pseudodiferentiali de
ordin infinit. In aceastd lucrare introducem o noud clasd de spatii de modulatie cu ponderi cu crestere
exponentiald.



